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Abstract 
The use of rainwater tanks is always more encouraged, to achieve a dual objective: water saving from water distribution systems 
and reduction of runoff discharged into drainage systems. In last decades, different approaches have been proposed for their 
modeling, most of which are empirical or based on continuous mass balance simulations. To combine the simplicity of practical 
approaches and the accuracy of continuous simulations some authors have proposed the use of probabilistic approaches; their 
applications, in literature, still have some limitations. This paper seeks to improve the modelling of rainwater tanks by mean of an 
analytical probabilistic approach.  
© 2014 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Organizing Committee of WDSA 2014.  
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1. Introduction 
The continuous population’s growth and the increasingly stringent environmental regulations pose important 
challenges in the design of modern water infrastructures. Rainwater Harvesting Systems (RWHSs) can play an 
important role in the development of sustainable urban water systems. In the past decades, RWHSs have become a 
significant source of water supply in Africa, Asia and South America. Also in countries that have no serious 
concerns about water supply, thanks to existing extended water infrastructures, rainwater harvesting can represent a 
good practice in terms of sustainable development [1].  
Rainwater collected from roofs are generally not much polluted and can be used with low or no treatment for 
some uses, such as WC flushes, washing machines and irrigation, fire suppression, street washing, etc.. The 
contribution to residential and industrial water needs of RWHSs cannot be not so high in most cases, mainly due to 
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rainfall variability and to difficulties of long-term water storing. However, there are also benefits from an 
environmental point of view, because RWHSs also reduce stormwater runoff to urban drainage systems and 
consequently help in the pollution reduction of downstream receiving water bodies. For all these reasons some 
countries encourage RWHSs by subsidies or by the introduction of regulations, which make their implementation 
convenient or, in some cases, mandatory.  
The main element of a rainwater harvesting system is the storage tank. In literature, different approaches have 
been proposed for its modeling and design. They can be classified mainly in four types: simplified methods based on 
user-defined relationships [2], continuous mass balance simulations [3, 4, 5], non-parametric approaches based on 
probability matrix methods [6, 7] and statistical methods [8, 9, 10]. 
Simplified methods generally are very easy to be applied, but their results are not very reliable due to poor 
modelling of rainfall and/or of water storing processes. Typical examples of these approaches are demand side and 
supply side approaches. Demand side approach neglects rainfall, assuming that the roof is large enough to capture 
the required amount of rainwater before the use, and the tank design is based only on the water needs and the 
duration of the period of water scarcity [3]. Supply side approach, on the contrary, does not take into account water 
demand and use only water availability for the design of storage tank. In [2], a simplified method to model rainwater 
tanks, combining both demand and supply side approaches, is also proposed. All these simplified approaches are 
useful mainly for preliminary design [11]. 
Continuous mass-balance simulation approach may bring to more reliable results, providing that correct data on 
rainfall and water demand dynamics are used. This approach is popular also because it can be applied with simple 
mathematical tools as spreadsheet applications. More, the behavior of the system can accurately mimicked and it is 
easy to incorporate seasonal changes in rainfall or water demand [3]. Main differences in the models proposed in 
literature are the finite-difference scheme used in the water storage modelling. The simpler ones are called “Yield 
Before Spill” (YBS) and “Yield After Spill” (YAS). With the first one (YBS), the water is supposed to be abstracted 
for use before the inflow at each time step and this leads to underestimation of the storage volume that is needed. 
The opposite happens with second one (YAS), which is more conservative and then is usually preferred. Other 
schemes, intermediate between the two cited above, have been proposed [3].  
With this type of approaches, the reliability of results is strongly related to the use of long continuous records of 
rainfall [4] and often these records are difficult to find or are not available at all. In order to overcome this kind of 
difficulties, probabilistic approaches have been proposed [8, 9, 10 and 12]. With these methods, based on analytical 
derivation of probability distribution functions of design parameters, probabilistic modelling of the storage process is 
possible without the need of continuous simulations. Methods proposed by [8] and [9] are analytically robust and 
locally useful, but are difficult to adapt for general use in other locations because the statistical characteristics of the 
precipitation record are typically hardwired into results. In [10] a parametric rainfall simulation approach is used to 
adapt probabilistic models to different locations. The main limit of this method is that it considers a maximum of 
two isolated rainfalls instead of the whole chain of events, assuming the tank full at the end of the first one.  
This paper seeks to overcome to these two limits and to improve the use of analytical probabilistic approaches to 
the modeling of rainwater tanks, also considering the number of rainfall events in the reference period. Proposed 
equations result function of the stochastic rainfall process, water demand volume and system characteristics. To test 
their reliability, an application to a case study is presented. 
2. Probabilistic modeling 
Generally, a RWHS can be schematized as shown in Fig. 1, where h: rainfall depth; Y: water yield; V: water storage; 
D: water demand; Q: tank inflow; S: tank capacity; A: roof area; M: water from distribution system; and O: tank 
overflow  
In engineering practice, the feasibility of a rainwater system is often evaluated by comparing the water demand D 
with the mean rainfall volume harvested by the roof, evaluated by the product of the roof area A by the mean number 
M and the mean depth μh of rainfall events in the regulation time TR. Although this approach is very simple and 
effective in many cases, especially when hydrological data are scarce, if the reliability of the harvesting system has 
to be evaluated a probabilistic analysis is needed. 
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Fig 1. Typical configuration of a RWHS. 
For small catchments, as roofs are, inflow is approximately proportional to rainfall intensity and runoff to 
rainwater tank Q can be expressed by:  
 M          (1)
 where φ is the roof runoff coefficient and wF is the first flush rainfall volume (specific for unit of area) that is 
diverted from the tank to avoid pollution from roof washing. Obviously, tank inflow and consequently mean water 
yield depend mainly on rainfall depth h. Although, in many cases, the Weibull PDF fits better the cumulated 
frequencies curves of rainfall records [16], an exponential distribution is mathematically more convenient and so it is 
often considered [14, 15]: 

  [[     (2)
 
where ξ = 1/μh is the scale parameter and μh is the average rainfall depth. A good trade-off alternative to 
exponential distribution may be the double-exponential, which in many cases fits better to observed hydrological 
data [17, 18]. 
If the stochastic process of rainfall storms is supposed to be Poissonian, the number N of independent events in 
the regulation time TR is a random variable with the following PDF: 
ே݂ ൌ ெ
ಿή௘షಾ
ெǨ  (3) 
where M is the mean of N. The asymptotic upper limit of N is: 
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Assumed a random number N of storm events, the probability PR that the rainfall runoff is sufficient to satisfy the 
water demand D in the regulation time TR can then be expressed by the relation: 
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where:  
୒ ൌ σ ୧୒୧ୀଵ  ሺ͸ሻ
is a random variable expressing the sum of rainfall depths in N consecutive storm events. It is to be noted that, 
according to equation (3), the probability of a number N of storm events decreases rapidly as its value moves away 
from the mean M and the contribution of terms in the sums of equation (5) becomes less significant (see Fig. 2). So, 
a value N* = 2·M in spite of Nmax may be assumed, as it is largely acceptable for practical applications. More, 
considering that in temperate climatic zones M of the order of ten, with N* = 2·M the approximation σ ሺܯேȀேכேୀଵ
ܰǨሻ ؆ ሺ݁ெ െ ͳሻcan be also applied with errors smaller than 0.1%. It has to be highlighted that N* is then a 
parameter of the probabilistic model.  
If the PDF of the rainfall depth is assumed to be exponential, the sum hN from N consecutive independent events 
fhN has a Gamma PDF, that is: 
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So, the probability in the right part of equation (5) can be written as:  
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and the probability PR can be expressed as: 
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If the mean rainfall yield R = φ · A · M · μh is introduced, equation (9) becomes: 
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3. Case study 
Equation (9’) was applied for validation to a case study in Milano, Italy. Rainfall data continuously recorded at 
Milano-Monviso station during the period 1971-2005 have been considered. An IETD of 1 hour was considered, 
identifying Ntot = 4161 events from the whole records series, whose average rainfall depth and average rainfall 
duration result respectively equal to μh = 1 / ξ = 7,74 mm and μθ = 4,34 hours. An IETD = 1 hour is usually 
considered adequate to isolate independent rainfall storms in small catchment with short concentration times [19]. 
Roof surface was assumed equal to A = 250 m2 with a runoff coefficient of φ = 1,0. First flush volume has been 
neglected, that is wf = 0 mm was assumed. 
Rainwater uses only for WC flushing and washing machines were considered. Water demand for modern WC has 
been assumed equal to Wwc = 40 l/(person·day) while water demand for washing machines has been assumed equal 
to WWM = 15 l/(person·day), [20]. The total rainwater demand D in the regulation time TR is then expressed as: 
ܦ ൌ ஽ܹ ή ܲ ή ோܶ  ሺͳͲሻ
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where WD = WWC + WWM = 55  l/(person·day) is the average daily water demand per person and P is the number of 
persons that use water. 
A monthly regulation was considered, that is TR = 720 hours. The maximum number of rainfall events results Nmax 
= 721. The average number of rainfall events M can be calculated by: 
ܯ ൌ ே೟೚೟ή்ೃேಲήଷ଺ହήଶସ ሺͳͳሻ
with NA = 35 number of years in the data record series. For a monthly regulation M = 9,77 events/month and N* 
= 2∙M = 19.54 ≈ 20 events/month.  
Fig. 2 shows the probability PR to satisfy water demand with rainwater collected from roofs as a function of the 
number N* of consecutive independent storm events considered in the regulation time TR and the number P of 
persons who demand water. 
 
  
Fig. 2. Probability PR : as a function of N*, for different values of P (left); as a function of P, for N* =2∙M (right).   
Obviously, the probability of a complete water fulfillment decreases with the demand extent and increases with 
the number N* of considered storm events. This relationship, however, in not linear, as can be seen by equation (9’).     
Particularly, if the water demand coincides with the mean rainfall yield (D = R = φ · A · M · μh), the probability 
of its complete fulfillment is of about 45%, that is less than 50% (see Fig. 2). In this case study, the mean rainfall 
yield is R = φ ∙ A ∙ M ∙ μh = 18,91 m3/month, corresponding to the water demand of about 12 persons.  
Table 1. Monthly rainfall data in the period of records. 
 
From Fig. 2 it is clear that higher levels of reliability can be achieved only for water demands D that are 
significantly lower than the mean rainfall yield R. If, for example, a return period of T = 10 years (that is a 
probability PR = 0.9 of complete fulfillment of water demand D with rainwater) is considered for system design, a 
water demand of about 5 persons and a corresponding volume of the storage tank should be considered.  
Monthly variation of PR have been analyzed using rainfall data recorded in the period 1991-2005 at Milano-
Monviso gauge station. Table 1 contains the average depths of monthly rainfall μh and the average M and maximum 
NRmax numbers of recorded storm events in the series. 
MONTH 1 2 3 4 5 6 7 8 9 10 11 12 
μh [mm] 7,5 5,9 7,2 5,9 6,6 5,7 8,6 9,8 10,6 7,92 7,24 11,06 
M [events] 11 10 12 16 19 13 8 10 8 13 12 9 
NRmax [events] 26 33 21 45 36 21 16 20 23 27 27 21 
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From data in Table 1, the recorded maximum monthly rainfall volume Rmax can be calculated: 
୫ୟ୶ ൌ ୫ୟ୶ ή ɔ ή  ή Ɋ୦ ሺͳʹሻ
as well as the maximum number of persons Pmax whose water needs could be satisfied: 
୫ୟ୶ ൌ ୖౣ౗౮୛ీή୘౎ ሺͳ͵ሻ
Results of the application of equations (12) and (13) are shown in Table 2: 
Table 2. Maximum monthly rainfall volume and number of persons whose water need can be satisfied. 
MONTH 1 2 3 4 5 6 7 8 9 10 11 12 
TR [days] 31 28 31 30 31 30 31 31 30 31 30 31 
Rmax [m3] 48,7 48,6 37,7 66,2 59,1 30,1 34,4 48,8 60,9 53,4 48,9 58,0 
R [m3] 20,80 14,74 22,15 24,12 30,56 18,76 16,89 24,76 22,12 25,82 22,54 25,15 
Pmax [persons] 29 32 22 40 35 18 20 29 37 31 30 34 
 
Fig. 3 shows the variation of probability PR during the year, for different hypothesis of water demand expressed 
in terms of persons, when sample monthly values of M are used. 
 
 
Fig. 3. Monthly probability of supplying water demand with rainwater for N* = 2 · M. 
As can be seen, the influence of M on PR is more significant for intermediate values of P, which is when the 
water demand D is around the mean rainfall yield R. For higher values of P (and so of D), the relative small 
variations of M have a small influence on PR values that are “flattened” on the extremes of its domain.  
4. Conclusions 
The use of a probabilistic approach to the modelling of rainwater tanks allow to couple the simplicity of practical 
approaches to the accuracy of continuous simulations, also when only average rainfall data, instead of the 
continuous series of record, are available. 
Proposed approach allows estimating the probability of supplying water demand for domestic use with rainwater 
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harvested by roofs. Resulting formulas are function of the average rainfall depth, the average and maximum number 
of rainfall events, water demand and catchment characteristics. 
The estimation of this probability under different conditions can give valuable indications on whether to use a 
rainwater harvesting system, on its efficiency and on the opportunity of integration with water supplied from the 
water distribution system. This approach can be a useful and simple tool for preliminary studies for the design of 
rainwater tanks and to verify their proper functioning if water demand changes or/and with different climatic 
regimes. 
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